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Abstract. Making suitable generalizations of known results we prove some general facts 
about Gaussian maps. The above are then used, in the second part of the article, to give 
a set of conditions that insure the surjectivity of Gaussian maps for curves on Enriqucs 
surfaces. To do this we also solve a problem of independent interest: a tetragonal curve 
of genus g > 7 lying on an Enriques surface and general in its linear system, cannot be, 
in its canonical embedding, a quadric section of a surface of degree g — 1 in P 9_1 . 



1. Introduction 

Gaussian maps have emerged in the mid 1980's as a useful tool to study the geometry of 
a given variety X <z¥ N as soon as one has a good knowledge of the hyperplane sections 
Y = x n H. 

Let us briefly recall their definition and notation in the case of curves. 

Notation 1.1. Let C be a smooth irreducible curve and let L,M be two line bundles on 
C. We denote by ^l,m ■ H° (L) <g> H° (M) — > H°(L®M) the multiplication map of sections 
and by R(L,M) = Kerfj,LM- The Gaussian map associated to L and M will be denoted 
by 

$ L ,M : R(L, M) -> H°(lu c ®L®M). 
This map can be defined locally by &l,m( s ® = s ^ ~ tds (see |Waj ) . 

Perhaps the first important result, proved by Wahl, who introduced Gaussian maps, is 
that if a smooth curve C lies on a K3 surface, then the Gaussian map Wo cann °t be 
surjective. On the other hand, as it was proved by Ciliberto, Harris and Miranda |CHM| . 
this map $ uc ^ c is surjective on a curve C with general moduli of genus 10 or at least 12. 
The link with the study of higher dimensional varieties was provided, around the same 
period, by Zak, who proved the following result ( |Zaj - see also |Bdj . |Lvj ): 
If Y C P r is a smooth variety of codimension at least two with normal bundle Nyrpr an d 
/i°(A r y / /pr(— 1)) < r + 1, then the only variety X C P r+1 that has Y as hyperplane section 
is a cone over Y. 

Now the point is that, if Y is a curve, we have the formula 

h°(N Y /pr(-l)) =r + l + coTk<f>H Y ,u Y 
where Hy is the hyperplane bundle of Y . 

On the other hand, if Y is not a curve one can take successive hyperplane sections of Y. 
For example, when X C P r+1 is a smooth anticanonically embedded Fano threefold with 
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general hyperplane section the K3 surface Y, in R lj , Ciliberto, the second author and 
Miranda were able to compute h°(N Y /pr(— 1)) by calculating the coranks of $>h c ,u) C f° r 
the general curve section C of Y. This then led to recover in C'l.M lj and |CLM2j . in a 
very simple way, a good part of the classification of smooth Fano threefolds [TJj, [12] and 
of varieties with canonical curve section 

To study other threefolds by means of Zak's theorem, in many cases it is not enough to 
get down to curve sections and one needs to bound the cohomology of the normal bundle 
of surfaces. In |KLM| the following general result was proved: 

Proposition 1.2. Let Y C P r be a smooth irreducible linearly normal surface and let H be 
its hyperplane bundle. Assume there is a base-point free and big line bundle Dq on Y with 
H l (H — Dq) = and such that the general element D £ \Dq\ is not rational and satisfies 

(i) the Gaussian map $h d ,uj d (d) * s surjective; 

(ii) the multiplication maps [iv D ,u D and Hv d ,lj d (d) are surjective, where 
V D := lm{H°(H -£>)-» h\{H - D)\ D )}. 

Then 

h°(N Y /pr{-l)) < r + 1 + cork$ Ho)WD - 

The application of the above proposition clearly points in the following direction: If one 
wants to study, with Gaussian maps methods, the existence of threefolds X C P r+1 with 
given hyperplane section Y, one has to know about the surjectivity of Gaussian maps of 
type &m,u c 101 curves C <ZY that are general in their linear system. 
In the present article we do this in the case of Enriques surfaces. 

This is applied in [KLMj to prove the (sectional) genus bound g < 17 for threefolds X C 
P r+1 whose general hyperplane section Y is an Enriques surface. 
We prove 

Theorem. 

Let S be an Enriques surface and let L be a base-point free line bundle on S with L 2 > 4. 
Let C be a general smooth curve in\L\ and let M be a line bundle on C . Then the Gaussian 
map $ m,u) C * s surjective if one of the hypotheses below is satisfied: 

(i) L 2 = 4 and h°(AL ]c - M) = 0; 

(ii) L 2 = 6 and h°((3L + K s )\ c - M) = 0; 

(iii) L 2 > 8 and h°(2L\ C — M) = 0; 

(iv) L 2 > 12 and h°{2L\ c - M) = 1; 

(v) H^M) = 0, deg(M) > \L 2 + 2 > 6 and h°{2L\ c - M) < Cliff(C) - 2. 

The proof of this theorem will be accomplished essentially in two steps. We will first prove, 
in Section |21 some general facts about Gaussian maps, by generalizing some known results. 
Then, in the second step, in Section |S1 we will deal with the specific problem of Gaussian 
maps for curves on Enriques surfaces. As it turns out, the most difficult point will be to 
show that a tetragonal curve of genus g > 7 lying on an Enriques surface and general in 
its linear system, in its canonical embedding, can never be a quadric section of a surface of 
degree g — 1 in P 5_1 . 

Acknowledgments. The authors wish to thank Roberto Muhoz for several helpful discus- 
sions. 
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2. Basic results on Gaussian maps 

We briefly recall the definition, notation and some properties of gonality and Clifford index 
of curves. 

Definition 2.1. Let X be a smooth surface. We will denote by ~ (respectively =) the 
linear (respectively numerical) equivalence of divisors (or line bundles) on X. We will say 
that a line bundle L is primitive if L = kL' for some line bundle L' and some integer k, 
implies k = ±1. 

Definition 2.2. Let C be a smooth irreducible curve of genus g > 2. We denote by g r d 
a linear system of dimension r and degree d on C and say that C is A;-gonal (and that 
k is its gonality j if C possesses a g\ but no g\i- In particular, we call a 2-gonal curve 
hyperelliptic, a 3-gonal curve trigonal and a A-gonal curve tetragonal. We denote by 
gon(C) the gonality of C . 

Definition 2.3. Let C be a smooth irreducible curve of genus g > 4 and let A be a line 
bundle on C . The Clifford index of A is the integer 

ClifT(A) := deg.4 - 2(h°(A) - 1). 

The Clifford index of C is 

Cliff(C) := min{Cliff(A) : h°(A) > 2,h 1 (A) > 2}. 

We say that a line bundle A on C contributes to the Clifford index of C if h°(A) > 
2,h\A)>2. 

2.1. Preliminaries on Gaussian maps. We recall some well-known facts about Gaussian 
maps. 

Proposition 2.4. |Wal Prop. 1.10] Let C be a smooth irreducible nonhyperelliptic curve of 
genus g > 3, let C C P^ -1 be its canonical embedding and let M be a line bundle on C. We 
have two exact sequences 

(1) ^Coker fiM^ c — ► H 1 (ph-i\c® u c®M) — ► H l (M)® 9 — >H 1 {uj c ®M) — >0 
and 

(2) — ► Coker $m,u, — > H 1 ^^^ ® uj c ® M) — ► H l (Q^ g .^ c ® uj c ® M) — ► 

— ► ffV «M) — >0. 

In particular 

(a) if H (Nq/$, b -i (g)M _1 ) = then 5>m,w c * s surjective; 

(b) if H l (M) = and Hm,lu c is surjective then cork<3?Af jWc = h°(N c /p g -i <S> M^ 1 ). 

In the sequel we will collect some results about Gaussian maps of type $m,^ c for curves C 
of low genus or low gonality or with Clifford index higher than h°(2Kc — M) + 2. 
We start with an elementary but useful fact. 

Lemma 2.5. For a > 2, let Qi, . . . ,Q a be linearly independent homogeneous polynomials 
of degree 2 in Xq, . . . ,X r . Suppose that the relations among Qi, . . . , Q a are generated by 
Ri = [Rn, . . . , Ri a }, for 1 < i < b. If (ci, . . . , c a ) G C a — {0} then there exists an i such that 

a 

i=i 
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Proof. Suppose to the contrary that c jRij = f° r every i with 1 < i < b. 

i=i 

Without loss of generality assume that c\ ^ 0, so that 

a 

(3) Ru = -^2 c^CjRij, l<i<b. 

i=2 

Claim 2.6. Set Q' x = Qi,Qj = Qj - c^CjQi for 2 < j < a. Then 

(i) Q' l7 . . . , Q' a are linearly independent; 

(ii) the relations among Q[, . . . ,Q' a are generated by Si = [0, Ri 2 , ■ ■ ■ , Ri a ], for 1 < i < b. 

a 

Proof. Consider a relation R'jQ'j = 0' where the R'^s are polynomials. Then 
R[Qi + J2 R'AQj - c^CjQx) = 0, whence 

3=1 

a a 

(4) (R[ - c^cjRf^Qi + £ R'jQj = 0. 

3=2 3=2 

If all R'-'s are complex numbers we get R'j = for all j, proving (i). 

To see (ii), by Q and the hypothesis of the lemma we deduce that there are polynomials 
dj such that 

a b b b b 

[R'l — ^2 C\ l CjR'j,R' 2 i ■ ■ ■ , R' a ] = ^2 ^iRi = \^2 ^Ril i diR{ 2 , ■ ■ ■ , ^ diRi a ] 
j=2 i=l i=l i=l i=l 

b 

whence R'a = diRij for 2 < j < a and 

i=l 

a b b a 

R'l = C 1 1c 3 R '3 + diRil = *E C 1 1c 3^3 + Ril) = 
j=2 i=l i=l j=2 

by ©. Now 

b b b 

diSi = [0, ^2 diRi2, ■ ■ ■ , ^2 diRia] = [R'l, R^i -■■■> R'a]- 



i=l i=l i=l 



□ 



Conclusion of the proof of Lemma \'2.5l Consider the Koszul relation [Q 2 , —Q'i, 0, . . . , 0] among 

b 

Q[, . . . , Q' a . By the claim there are polynomials di such that diSi = [Q' 2 , — Q[, 0, . . . , 0], 

i=i 

giving the contradiction Q 2 = 0. □ 

In many cases, to compute the corank of Gaussian maps, or, as in Proposition \2A\ to 
compute a suitable cohomology group involving the normal bundle, it is quite convenient 
to know some surface containing the given curve. The result below will help to compute 
the cohomology of the normal bundle with the help of the surface. 

Lemma 2.7. Let FcF r be an integral subvariety that is scheme-theoretically intersection 
of quadrics and let X CY be a smooth irreducible nondegenerate subvariety. Let L = Oy(l) 
and M a line bundle on X . Suppose that either 

(i) h°(2L\ x — M) = or 
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(ii) hP(2L\ x — M) = 1 and the relations among the quadrics cutting out Y are generated 
by linear ones. 

Let F X ,Y = Hom 0rr {J Y/F ,O x )- Then H°(F X ,Y ® M~ l ) = 0. 

Remark 2.8. When Y is smooth we have that Txy = iVyyjpr,^. The fact that Y C P r 
is scheme-theoretically intersection of quadrics certainly holds if Y satisfies property N\, 
that is Y is projectively normal and its homogeneous ideal is generated by quadrics ( |L1| 
Def.1.2.5], |(irrj ). Also the fact that the relations among the quadrics cutting out Y are 
generated by linear ones certainly holds if Y satisfies property N2, that is Y satisfies 
property N\ and the relations among the quadrics generating its homogeneous ideal are 
generated by linear ones ( |L1| Def.1.2.5], |Grj ). The difference, in our case, is that we do 
not assume Y to be linearly normal. 

Proof of Lemma 12.71 Let {Qi, ■ ■ ■ ,Q a } be linearly independent quadrics cutting out Y 
scheme-theoretically and consider the corresponding beginning of the minimal free reso- 
lution of Jy/W'- 

F r(-3 ~ i)® bi — P ,(-2)® fl — J Y/¥ r — > 0. 

Applying the left exact functor TComo rr (— , Ox) we get an exact sequence 
— » Txy — Ox (2f a ^®Ox(3 + i)® b > 

i>0 

whence an exact sequence 

— > H°(F X ,Y ® M" 1 ) — » J ff°(2L| X - M)® a ^ fl°((3 + i)L ]x - M)® 6 \ 

Then H°(F XY ® M~ l ) = Kenp. 

If we are under hypothesis (i), then obviously H^^xy ® M _1 ) = 0. 
If we are under hypothesis (ii), then b% = for i > 1 and we will prove that Ker 99 = 0. 
To this end let a be a generator of H°(2Li x - M). For 1 < i < bo let Ri = [Ra, . . . , R^ a ] be 
the linear relations generating all relations among Qi, . . . , Q a , so that the map <p is given 
by the matrix (Rij, x ). If ^ (ci<r, . . . ,c a a) € Keicip then, for every i such that 1 < i < bo, 

a a a 

we have ^ Rij\ x Cj°~ = whence (^ CjRij)\x = 0. As X is nondegenerate and CjRij 
j=i j=i j=i 

a 

is a linear polynomial, we deduce that c i^ij = for all i with 1 < i < bo, contradicting 

j'=i 

Lemma 12.51 □ 
Now the first general result about Gaussian maps. 

Proposition 2.9. Let C be a smooth irreducible nonhyperelliptic curve of genus g > 3 and 
let M be a line bundle on C . We have 

(a) If g = 3 then cork &m,lu C — h (4Kc — M) — cork \im,uj c ~ 3h l (M), with equality if 
H°(-M) = 0. 

(b) 7/5 = 4 i/ien cork$ M ,^ c > fr°(2-FC c — M) + /i°(3K c - Af) - cork/i M) u, - 4/i 1 (M), 
toitfi equality if H°(-M) = 0. 

(c) If g = 5 and C is nontrigonal then cork <]? 7v/,w c — 3h°(2Kc — M) — cork /x^f Wc — 
5ft 1 (M), with equality if H°(-M) = 0. 
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(d) Suppose that C is a plane quintic and A is the very ample g\ on C. If H°(5A — 
M) = then $m,u>c * s surjective. If H l {M) = and fJ-M,u c * s surjective then 
cork&M,oj c > h°(5A — M), with equality holding if in addition h°(4:A — M) < 1. 

(e) Suppose that C is trigonal, g > 5 and A is a g\ on C. If h°(2Kc — M) < 1 and 
H°(3K C - {g - 4)A - M) = then <5>m^ c is surjective. If H X {M) = and Hm,uj c 
is surjective then cork $m,uj C > h (3Kc — (g — 4)A — M), with equality holding if 
in addition h°(2K c — M) < 1. 

Proof. Assertions (a), (b) and (c) follow easily from Proposition 12.41 

Let us prove (d). In the canonical embedding C C IP 5 we have that C is contained in the 
Veronese surface Y and we have an exact sequence 

(5) — > N c/Y <B> M" 1 — ► N c/¥ 5 ® M" 1 — > iV y/p5|c ® M' 1 — > 0. 

Observe that h°(N c/Y <8> M" 1 ) = /i°(5A-M). Now if /i°(5A - M) = then also h°(2K c - 
M) = /i°(4t4 — M) = and from (jSJ) and Proposition 12.41 (a), we see that to prove (d) we 
just need to show that H°(Ny/ps^ c i8> M~ 1 ) = 0. The latter follows by Lemma 12.71 and 
Remark 12.81 since, as is well-known, Y satisfies property N%. 

Now if ff 1 (M) = and Hm,w c ls surjective, we have that cork $m,£j c = hP(Nc/ps <8> 
M _1 ) > h°(5A-M) by Proposition [231(b) and ©. If we also assume that h° (4A — M) = 
h°(2Kc — M) < 1 then we can apply again Lemma |2.7I and Bemark 12.81 We get that 
fr°(iVV /P 5 |c (g) M" 1 ) = 0, whence, from ©, that h (N c/¥ s ® M _1 ) = /i°(5^4 - M). 

To see (e) recall that, in the canonical embedding C C P 3-1 , we have |S11 6.1] that C € 
\3H — (g — 4)i?| on a rational normal surface Y C P 9_1 , where H is its hyperplane bundle 
and R its ruling. Since, as is well-known, Y satisfies property N g s, applying, as in case 
(d), Lemma l2~7l and Proposition 12.41 we get (e). □ 

Note that the cases (d), (e) of the above proposition and the corollary below are a slight 
improvement of [Tel Thm.2.4] (because we also consider the case h (2Kc — M) = 1). 

Corollary 2.10. Let C be a smooth irreducible curve of genus g > 5 and let M be a line 
bundle on C. Then the Gaussian map &m,u>c ^ s surjective if one of the hypotheses below is 
satisfied: 

(a) C is a plane quintic and degM > 25, M ^ 5A if equality holds, where A is the 
very ample g\ on C; 

(b) C is trigonal and degM > max{4c/ - 6, 3# + 6}, M ^ 3K C - (g - 4) A if g < 12 
and degM = 3<? + 6, where A is a g\ on C . 

Proof, (a) follows immediately from Proposition l2.9( d') while (b) is a consequence of Propo- 
sition ES^e) since, if h°(2K c - M) > 2, then deg(2K c - M) > 3, a contradiction. □ 

Another easy but useful consequence of the proof of Lemma 12.71 is the following. 

Proposition 2.11. Let C be a smooth irreducible curve of genus g > 5 and let M be a line 
bundle on C. Suppose that either 

(i) Cliff (C) = 2 and h°(2K c — M) = or 

(ii) Cliff (C) > 3 and h°(2K c — M) < 1. 

Then <&m,u c * s surjective. 
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Proof. Since Cliff (C) > 2, by [V], jS21, the resolution of the ideal sheaf of the canonical 
embedding C C P 9-1 starts as 

0O p h(-3 - i) eb ' — > P9 -i(-2)® a — > Jc/p,-! — 

with 6j = for i > 1 when Cliff(C) > 3. Restricting to C and dualizing we get an exact 
sequence 

— N c/m ,-i — > O c (2) ea — > O c (3 + i)® 6 * 

whence an exact sequence 

— ► H°(N c/pg -i <g> M~ l ) — » tf°(2K c - M)® a ^ H°((3 + *)^C - M)®\ 

As in the proof of Lemma 12.71 we have that H°(NQ/jf> g -i ® M^ 1 ) = under hypothesis (i) 
and H (Nc/pg-i <8> M _1 ) = Kerc/? = under hypothesis (ii). Therefore we conclude by 
Proposition E31 (a) . □ 

Using an appropriate generalization of the methods of |BEL| Proof of Thm.2] we can also 
get surjectivity when h°(2Kc — M) > 2. 

Proposition 2.12. Let C be a smooth irreducible curve of genus g > 4 and let M be a 
line bundle on C . Suppose there exists an integer m > 1 and an effective divisor D = 
Pi + . . . + P m such that 

(i) H\M - 2Pi) = for 1 < i < m; 

(ii) h°(D) = 1 and h°(2K c — M — D) = 0; 

(iii) m < Cliff (C) - 2. 

Then &m,uj c ^ s surjective. 

Proof. As is well-known we have Cliff (C) < L^irJ' whence m < Cliff (C) - 2 < g — 4. We 
start by observing that Kq — D is very ample. In fact, if Kc — D is not very ample, there 
are two points Q\, Q2 € C such that 

h°(K c -D-Q 1 -Q 2 ) = h°(K c -D)-l = g-2-m + h°(D) = g - 1 - m 

whence h l {D + Qi + Q2) = g — 1 — m>3 and h°(D + Q\ + Q2) = 2 by Riemann-Roch. 
Therefore D + Q\ + Q2 contributes to the Clifford index of C and we have Cliff (C) < 
Cliff (D + Qi + Q2) = m, contradicting (iii). 

Consider the embedding C C PH°(Kc — D) = P r , where r = g — 1 — m. We claim that, 
in the latter embedding, C has no trisecant lines. As a matter of fact if there exist three 
points Qi,Q2,Q3 £ C such that their linear span < Qi,Q2,Q3 > is a line, we have that 

1 = dim <Q 1 ,Q 2 ,Q 3 >=h°(K c -D) -1 - h°(K c - D - Q 1 - Q 2 - Q 3 ) = 
= g - 1 - m - h 0( Kc _ D _ Ql _Q 2 _Q 3 ) 

whence h}(D + Q 1 + Q 2 + Q3) = g - 2 - m > 2 and again h°(D + Q 1 + Q 2 + Q 3 ) = 2. 
Therefore D + Qi + Q2 + Q3 contributes to the Clifford index of C and we get Cliff (C) < 
Cliff (D + Qi + Q2 + Q3) = m+ 1, contradicting (iii). 
Note further that by (ii) and (iii) we have 

deg(K c - D) = 2g - 2 - m > 2g + 2 - 2h l (K c - D) - Cliff (C) 
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therefore Green-Lazarsfeld's theorem |Lll Prop. 2. 4. 2] gives that C is scheme-theoretically 
cut out by quadrics in P r . Hence we have a surjection 

O c (2D - 2K c )® a -» N* c/r 0. 

Setting, as in |BEL| . Ri = ^c/ph°(l) ® ^ ^ or an ^ vev ^ am pl e nne bundle L, we deduce a 
surjection 

O c (M -K c + D)® a -> Rkc-d ® M 0. 
By (ii), we have that H X (M - K c + D) = H°(2K C — M — D)* = whence 

H l (Rk c ~d ® M) = 0. 

Now there is an exact sequence |BEL1 2.7], [El Proof of Thm.5] 

m 

— ► P^ c -d ®M^R Kc ®M — ► O c (M - 2P<) — > 

i=l 

and therefore by (i) we deduce that 

H°(N c/Pa -i ® M" 1 ) H 1 {N^ /pg . 1 ® w c ® M)* ^ P^P^c ® M)* = 0. 
Hence we get the surjectivity of $m,u Proposition 12.41 fa). □ 
We will often use the above result in the following simplified version. 

Corollary 2.13. Let C be a smooth irreducible curve of genus g > 4 and let M be a line 
bundle on C such that H l (M) = and deg(M) > g + 1. Suppose that 

h°{2K c — M) < Cliff(C) - 2. 

Then $m,u c ^ s surjective. 

Proof. Let m = Cliff (C) — 2. Then m > by hypothesis and when m = the surjectivity 
of &m,lu c holds by Proposition 12.111 When m > 1 choose general points Pi, ... , P m of C 
and apply Proposition 12.121 □ 

Corollary 2.14. |Tel Cor. 1.7] Let C be a smooth irreducible curve of genus g > 5 nontrig- 

onal and not isomorphic to a plane quintic. Let M be a line bundle on C . 

Then the Gaussian map m u c ^ s surjective if deg M > Ag — 4 and M ^ 2Kq if equality 

holds. 

Proof. Immediate consequence of Corollary I2.1HI or of Proposition 12.111 □ 

2.2. Gaussian maps on tetragonal curves. In this subsection we improve Tendian's 
|Tej results about Gaussian maps on tetragonal curves. Moreover note that, even though 
the statement in |Te| Thm.2.10] is almost correct, the proof certainly contains a gap (see 
Remark EH)) . 

We start with some generalities on tetragonal curves following again |S1[ 6.2]. 

Definition-Notation 2.15. Let C be a smooth irreducible tetragonal curve of genus g > 6 
not isomorphic to a plane quintic. Let A be a g\ on C and let Va C P 9_1 = PH (uc) be the 
rational normal scroll spanned by the divisors in \A\, Ha the hyperplane bundle and Ra a 
ruling ofVA- Let £a be the rank 3 vector bundle on P 1 so that Va is the image ofPSA under 
the morphism given by \Opg A (l)\. Let Ha and Ra be the pull-backs, under this morphism, 
of Ha and Ra respectively. Then there are two integers b\ a, &2 A such that b\ a > ^2 A > 0, 
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h,A + b2,A = 9~5 and there are two surfaces Ya ~ 2Ha — h,ARA> Za ~ 2Ha — &2,A-Ra 
such that, ifYA, Za are their images in P 9_1 then C = Y4 H Za- We also define 

62(C) = min{fr 2 ,A,^4 a g\ on C}. 

We have 

Lemma 2.16. The surface Ya C P 9_1 has degree g — 1 + 62. A and satisfies property N 2 . 

Proof. We set for^ simplicity Y = Y A , Y = Y A , V =J/a, £ = S A , H = Ha, R = Ra, 
H = Ha, R = Ra, h = b iiA ,i = 1,2. Note that H 3 = degV = g - 3, R 2 = and 
H 2 .R = 1. Let X € \O y (H)\ be a general curve. Since \O y (H)\ is not composed with a 
pencil we have that X is irreducible. Moreover X is smooth outside H n Sing(Y), whence 
X is also reduced. 

Let C = 0%(H),X = Y n H, so that ^(X) = X. We will first prove that X satisfies 
property N 2 . 

To this end by |BF| Thm.A] it is enough to show that 

(6) degX>2p a (A)+3. 
Taking intersections in ¥£ we have 

(7) degX = degC = H 2 ■ Y = H 2 ■ {2H - hR) = 2g - 6 - h = g - 1 + b 2 . 
On the other hand, using the cohomology of the scroll, we get 

p a (X) = l- x (O x ) = l-x(0 Y ) + x(0 Y (-l)) = 

= 1 - X (Ov) + x(Ov(-2H + hR)) + x(Oy(-l)) - x{O v (-3H + hR)) = 
= g-A-b x . 

Now 2p a (X) + 3 = 2g — 5 — 2h < 2g — 6 — foi if and only if b\ > 1. The latter holds because 
h > b 2 > and 9 > 6. Therefore © is proved. 

Again using the cohomology of the scroll it is easy to prove that H l {J Y /^s-i{j)) = for 
every j £ Z and that H l {Oy{j)) = for every j > 0. Applying |Grl Thm.2.a.l5 and 
Thm.3.b.7] (that hold for any scheme) we deduce that Y satisfies property N 2 since YnH 
does. □ 

Remark 2.17. In Tendian's paper it is assumed that a general hyperplane section Y n H 
is smooth, but in fact it can be singular |S11 6.5] when the g\ exhibits C as a double cover 
of an elliptic or hyperelliptic curve. 

Proposition 2.18. Let C be a smooth irreducible tetragonal curve of genus g > 6 not 
isomorphic to a plane quintic. Let A be a g\, set b 2 = b 2 ,A an d let M be a line bundle on 
C. We have 

(i) // h°(2K c — M) < 1 and h°(2K c - M - b 2 A) = 0, then § M ,u c is surjective; 

(ii) If H l {M) = and ^m,u c * s surjective, then cork <frjvf ,wc > h (2Kc — M — b 2 A), 
with equality holding if h°(2Kc — M) < 1. 

Proof. Let Y be the surface arising in the scroll defined by A and set, as in Lemma 12.71 
Fc,Y = 'Homo ]fg - 1 (i/y/ps-i, Oc). Applying the left exact functor 7Yomo pg _ 1 (— , Oc) to the 
exact sequence 

► Jy/Ws-i > iTc/Ps- 1 > <^C/Y 

we get an exact sequence 

(8) — ► N c/Y ® M' 1 — > N c/¥g -i (g) M _1 — ► T C ,Y <8> M' 1 . 
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Observe that h°(N c/Y <g> M~ l ) = h°(2K c - M - b 2 A). Now if h°(2K c - M - b 2 A) = 0, 
from (JSJ) and Proposition 12.41 (a), we see that to prove (i) we just need to show that 

(9) if h°(2K c — M) < 1 then H°(T c ,y ® M" 1 ) = 0. 

On the other hand, under the hypotheses in (ii), we have that cork $m,w c = h°(N c /-p g -i ® 
M _1 ) by Proposition El (b). Now from © we get that h°(N c/¥3 -i ® M' 1 ) > h°(2K c - 
M — b 2 A) and to prove equality we need again to prove ©• 

To conclude we just note that @ holds by Lemmas 12 . 71 and 12 . 1 61 □ 

3. Linear series on quadric sections of surfaces of degree g — 1 in P 5 ^ 1 

In this section we will use some well-known vector bundle methods ( |Llj . fT\ ) to study 
linear series on curves of genus g that are, in their canonical embedding, a quadric section 
of a surface of degree g — 1 in P 9_1 . We recall that when the surface is a smooth Del Pezzo 
the gonality and Clifford index of such curves are known by [P , Knl . Most of the results 
we prove are probably known, at least in the smooth case, but we include them anyway for 
completeness' sake. 

Lemma 3.1. Let X be a smooth surface with —Kx > 0. Let C C X be a smooth irreducible 
curve of genus g and let A be a base-point free g\ on C . Suppose that 2g — 2 — Kx-C — 4k> 
max{0,3-4x(Ox)} and, ifh l (O x ) > 1, that h°(N c/x ® A' 1 ) > 2h l (O x ) + l. Then there 
exist two line bundles L,M on X and a zero- dimensional subscheme Z C X such that the 
following hold: 

(i) C~M + L; 

(ii) k = M.L + length(Z) > ALL > L 2 > 0; 

(iii) there exists an effective divisor D on C of degree M.L + L? — k > such that 
A^L ]C (-D); ' 

(iv) if L? = then M.L = k and A^ L\ c ; 

(v) L is base- component free and nontrivial; 

(vi) ifC 2K X then 3L 2 + M.L G 4Z. 

Proof Let T = Ker{H°(A) ®O x ^ A} and S = T* . As is well-known ( LlJ £ is a rank 
two vector bundle sitting in an exact sequence 

(10) — ► H°{A)* ®O x ^£ — ► N c/X <S> A~ l — > 

and moreover c\(£) = C and C2(£) = k, so that A(£) := c\(£) 2 — 4c2(£) = C 2 — 4k = 
2g— 2— Kx-C— 4k > 0. Let H be an ample line bundle on X and suppose that £ is //-stable. 
Then h°(£ (g> £*) = 1 by [0 Cor.4.8] and h 2 (£ ® £*) = h°(£ ® £*{K X )) < h°{£ £*) = 1, 
therefore 2 > h°(£ ® £*) + h 2 (£ ® f*) = /i 1 ^ ® £*) + x(£ <8 f *) > 4 X (O x ) + A(f ) > 3, 
a contradiction. Hence £ is not .//-stable and if M is the maximal destabilizing subbundle 
we have an exact sequence 

(11) — ► M — ► £ — ► J z/X <8> L — > 

where L is another line bundle on X and Z is a zero-dimensional subscheme of X. Comput- 
ing Chern classes in (|11|) we get (i) and the equality in (ii). Since the destabilizing condition 
reads (M -L).H >0 and since (M - L) 2 = A(£) + 41ength(Z) > 0, we see that M — L be- 
longs to the closure of the positive cone of X. We now claim that £ is globally generated off a 
finite set. In fact if h 1 (O x ) > 1 we have by hypothesis that h°(N c/x (S)A~ r ) > 2h 1 (O x ) + l 
and the claim follows by (jl()j) since the map rp : H°(£) — > H (N^</x ® A^ 1 ) is nonzero. 
On the other hand if /i 1 (Ox) = we have that ip is surjective, whence, again by (|1U() . 
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we just need to prove that h°(N c / x (8> A^ 1 ) > 1. Since g > 2k + 1 + ^K X .C we get 
deg(N c/x (8) A" 1 ) = 2g - 2 - K X .C -k>g. Therefore h°{N c/x ® A" 1 ) > 1 by Riemann- 
Roch and the claim is proved. 

Since 6 is globally generated off a finite set then so is L. It follows that L > 0, L is 
base-component free and L 2 > 0. Now the signature theorem |BPV1 VIII. 1] implies that 
(M — L).L > thus proving (ii). To see (iii) and (iv) note that if M.L > then the nefness 
of L implies that H°(-M) = 0. On the other hand if M.L = then L 2 = C.L = whence 
L = by the Hodge index theorem and therefore C = M. Then M.H = C.H > whence 
again H°(-M) = 0. Twisting (JHU and (JTTJ by —M we deduce that hP{L\ c ® A~ v ) > 
h°(£(—M)) > 1. This proves (iii) and also (v). Moreover it gives deg(L| C <g> A" 1 ) > 0, 
whence, if 1? = 0, we get that M.L > k. By (ii) it follows that M.L = k and therefore 
deg(L| C ® A^ 1 ) = 0, whence L\ c = A. This proves (iv). 

Finally suppose that C 2K X . We have x{L) = xiPx) + \L.(L - K x ) whence 2L.(L - 

K x ) is divisible by 4. But 2L.(L - K x ) = 2L 2 + L.C = 3L 2 + M.L, giving (vi). □ 

We now analyze linear series on curves on surfaces of degree r in P r . We will use the 
following 

Definition-Notation 3.2. For 1 < n < 9 we denote by S n the blow-up o/P 2 at n possibly 
infinitely near points, by H the strict transform of a line and by Gi the total inverse image 
of the blown-up points. Let Q C P 3 be a quadric cone with vertex V. We denote by BlyQ 
the blow-up of Q along V and by H the strict transform of a plane. Let C n C P n be the 
cone over a smooth elliptic curve in p n_1 and let V be the vertex. We denote by BlyC n 
the blow-up of C n along V , by Co the inverse image of V and by f the numerical class of 
a fiber. 

Remark 3.3. We recall that by [HI Thm.8] a linearly normal integral surface Y C P r of 
degree r is either the anticanonical image of Eg_ r or C r or the 2- Veronese embedding in 
P 8 of an irreducible quadric in P 3 or the 3- Veronese embedding in P 9 of P 2 . 

Proposition 3.4. Let X be a surface among S n , BlyQ or BlyC n as in Definition ^. 21 and 
let C be a smooth irreducible curve such that, if X = S n or BlyQ then C ~ —2K X , while 
if X = BlyCn then C = -2K X - 2C . We have: 

(a) if X = Si then C has no complete base-point free g\; 

(b) if X = £2 then every complete base-point free g\ on C is (H — Gi)\c, i = 1, 2; 

(c) if X = £2 then every complete base-point free g\ on C is (2H — G\ — G2)\c~ P\ ~ P2, 
where P\,Pi are two points of C; 

(d) if X = S3 then every complete base-point free g\ on C is {H — Gi)\c, i = 1>2,3; 

(e) if X = S3 then every complete base-point free g\ on C is either H\q — P or (2H — 
G\ — G2 — Gz)\c — P, for some point P £ C ; 

(f ) if X = S3 and A is a complete base-point free g\ on C then either A = (2H — Gi — 
Gj)\c~ Pi ~ P2, for 1 < i < j < 3 andP\,P2 are two points of C or (— K x )\ c — A is 
another complete base-point free g\ on C different from (2H — Gi — Gj)\c — P\ — P2; 

(g) if X = BlyC§ then C has no complete base-point free g\ and every complete base- 
point free g\ on C is {f\ + /2)|C; where f\, /2 are two fibers; 

(h) if X = BlyQ then C has a unique complete base-point free g\, namely f\Q, where 
f is the pull-back of a line of the cone Q; 

(i) if X = BlyQ then every complete base-point free g\ on C is H\q — P\ — P2, where 
P\,P2 are two points of C; 
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(j) if X = BlyQ then there is no effective divisor Z C C such that f\ c + Z is a complete 
base-point free g% on C. 

Proof. We record, for later use, the following fact on X = S n . Let C be a nef line bundle 
on X with £ ~ aH — ^ b{G{. Then 

i=l 

n n 

(12) a = C.H > 0, h = C.G l > 0, C 2 = a 2 - ^ b h C.(-K x ) = 3a - ^ h 

i=l i=l 

n n 

and the Cauchy- Schwartz inequality (^ 6j) 2 < nJ2 b 2 implies that 

1=1 i=l 

(13) (3a + C.K x ) 2 <n(a 2 - C 2 ). 

We will now apply Lemma 13.11 to a base-point free g\ indicated in (a)-(i) and we will set 
z = length(Z). 

(a) We have K x = 8 whence C 2 = 32, k = 6 and from (ii) of Lemma 13.11 we deduce that 
6 = M.L + z > M.L > L? > 0. Now if 3 < L 2 < 6 we have a contradiction by the 
Hodge index theorem applied to C and L. The same theorem implies, for L 2 = 2, that 
C = 4L. But C ~ 6H - 2Gi whence the contradiction AL.H = C.H = 6. If I 2 = 1 
write L ~ aH — b\G\. Then a 2 = b\ + 1 therefore a = l,b% = and L ~ H. Then 
deg(L|<7 <S> A' 1 ) = H.C — 6 = 0, whence A = H\q by (iii) of Lemma 13.11 Therefore we 
have the contradiction h°(A) =3. If L 2 = by (iv) of Lemma 13.11 we have that M.L = 6 
whence 3L 2 + M.L = 6, contradicting (vi) of Lemma 13. II This proves (a). 

(b) We have K\ = 7, C 2 = 28 and k = 4. By (ii) of Lemma 13.11 and the Hodge index 
theorem applied to C and L we see that we are left with the case L 2 = whence A = L\q. 

By JI2J), GUI) we deduce that L ~ H - Gi for i = 1, 2. This proves (b). 

(c) We have -fT^- = 7 whence C 2 = 28 and k = 6. From (ii) of Lemma 13.11 and the Hodge 
index theorem applied to C and L we get < L 2 < 2. The same theorem implies, for 
L 2 = 2, that z = 0,M.L = 6. By (iii) of Lemma l3~T1 we have that there are two points 
Pi,P 2 eC such that A = L\ c - P\ — P 2 . By JUJ), (Q3J) we deduce that L~2H-G 1 - G 2 . 
If L 2 = 1 again by (ii) of Lemma 13. II and the Hodge index theorem applied to C and L we 
get that < z < 1 and 5 < M.L < 6. By (vi) of Lemma 13. II we have that M.L = 5 whence 
deg(L| C ®A~ 1 ) = 0, so that A = L\ c by (iii) of Lemma O Bv (IT2l). (THl we deduce that 

L ^ H, giving the contradiction h°(A) = 3. If L 2 = we have that M.L = 6 by (iv) of 
Lemma 13. II contradicting (vi) of Lemma 13 .11 This proves (c). 

(d) We have K x = 6 whence C 2 = 24 and k = 4. From (ii) of Lemma 13. II and the Hodge 
index theorem applied to C and L we get < L 2 < 1. The same theorem implies, for 
L 2 = 1, that z = 0, M.L = 4, contradicting (vi) of Lemma |3.1l Therefore L 2 = and 
(iv) of Lemma O implies that M.L = 4 and A = L\ c . By (O, (E3J) we deduce that 

L ~ H — Gi. This proves (d). 

(e) We have K x = 6 whence C 2 = 24 and k = 5. From (ii) of Lemma 13.11 and the Hodge 
index theorem applied to C and L we get L 2 < 2 with equality only when z = 0, M.L = 5, 
contradicting (vi) of Lemma 13.11 When L 2 = 1, the same theorem together with (vi) of 
Lemma 13 . 1 1 implies that z = 0, M.L = 5, whence A = L\q — P by (iii) of Lemma 13.11 By 

CEJ, CHI) we deduce that either L ~ LT or L ~ 2H - G x - G 2 - G 3 . If L 2 = then (iv) of 
Lemma 13 . 1 1 implies that M.L = 5, contradicting (vi) of Lemma 13.11 This proves (e). 
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(f ) We have K x = 6 whence C 2 = 24 and k = 6. From (ii) of Lemma 13.11 and the 
Hodge index theorem applied to C and L we see, for 3 < L 2 < 5, that z = 0, M.L = 6, 
contradicting (vi) of Lemma 13. 11 If L 2 = 2 by the Hodge index theorem and (vi) of Lemma 
I3~TI we have that z = 0,M.L = 6. By (JT2J), (O we deduce that L ~ 2H - d - Gj 
for i 7^ j and by (iii) of Lemma |3.1l we have that there are two points Pi,P2 € C such 
that A = L\q — P\ — P2. If L 2 = 1 by the Hodge index theorem and (vi) of Lemma 

EIU we have that z = 1,M.L = 5. By (Jl2j), (O we deduce that either L ~ H or L ~ 
2H — G\ — G2 — G3. By (iii) of Lemma 13. II we have that A = L\q, giving the contradiction 
hP(A) = 3. If L 2 = by (iv) of Lemma 13.11 we have that M.L = 6 contradicting (vi) of 
Lemma 13.11 Finally when L 2 = 6 the Hodge index theorem applied to C and L implies 
that C = 2L and z = 0. Therefore L ~ M ~ —Kx whence the exact sequence (lll|) 
splits since Ext 1 (O x (-^x), Ox(-^x)) = and we get £ ^ O x {-K x )® 2 . Therefore 
£{Kx) is globally generated and so is (— Kx)\c ® by (|Tn|) . Moreover again by (fIT7|) 
we get that (— Kx)\c ® A~ l is a ^g. Also such a (?g cannot coincide with the other type 
(2H -Gi- Gj)\ c - Pi - P2, for otherwise we would have that (— Kx)\c ® A^ 1 ~ {2H - 

Gi — Gj)\c — Pi~ P2, whence A = (H — Gk)\c + Pi + Pi would have two base points. This 
proves (f). 

(g) We have that X F{O e 8 O e (-1)) where EcP 5 is a smooth elliptic normal curve. 
Let Co be a section and / be a fiber so that Cq = —6 and the intersection form is even. 
Moreover C = 2C + 12/, C 2 = 24 and k = 4, 5. From (ii) of Lemma l3~T1 and the Hodge 
index theorem applied to C and L we deduce, if 1? > 2, that /c = 5, L 2 = 2, 2 = and 
M.L = 5. On the other hand if L 2 = we have that M.L = k and A = L\q by (iv) of 
Lemma O Let L = aC + bf so that M = (2 - a)C + (12 - 6)/ and L 2 = 2a(b - 3a). 
Moreover, by (v) of Lemma 13.11 we have a = f.L > 0. Now if L 2 = 2 we get a = 1, b = 4 
giving the contradiction M.L = 6. Therefore L 2 = whence either a = or b = 3a. In the 
second case we get k = M.L = 6a, a contradiction. Therefore a = and A; = M.L = 26, 
that is /c = 4, 6 = 2 and L = 2/ as desired. This proves (g). 

(h) We have that X = P(C P i C P i(-2)). Let C be a section and / be a fiber so that 
Cq = —2 and the intersection form is even. Moreover C ~ 4Co + 8/, C 2 = 32 and A: = 4. 
From (ii) of Lemma 13.11 and the Hodge index theorem applied to C and L we have a 
contradiction if L 2 > 2. Hence L 2 = 0, M.L = 4 and A = L\ c by (iv) of Lemma E3 Then 
we get that either L ~ / or L ~ Co + /. Since Co-C = 0, this proves (h). 

(i) We retain the notation used in (h) except that now k = 6. From (ii) of Lemma 13.11 
and the Hodge index theorem applied to C and L we deduce, if L 2 > 2, that L 2 = 2, 
z = 0, M.L = 6 and C = 4L, whence L ~ Co + 2f ~ Lf. By (iii) of Lemma 13.11 we have 
that there are two points Pi, P2 € C such that A = H\ c — P\ — P2. When L 2 = we get 
M.L = 6 by (iv) of Lemma 13. 11 contradicting (vi) of Lemma 13.11 This proves (i). 

(j) Again we use the notation in (i). Suppose there is an effective divisor Z C C such that 
f\Q + Z is a complete base-point free g| on C. By Riemann-Roch we get that 

h\(2C + 3/)| C - Z) = h°(K c -f lc -Z) = 3 

and the exact sequence 

— > Cx(-2C - 5/) — » J Z/X (2C + 3/) — > J Z/C (2C + 3/) — 

gives that also h°(J'z/x{2Co + 3/)) = 3, whence, since n°(2Co + 3/) = 6, that Z does not 
impose independent conditions to |2Cq + 3/|. Now let Z' C Z be an effective divisor of 
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degree 3 and set Z' + P = Z . By the exact sequence 

— O x (-2C - 5/) — » J Z , /X (2C + 3/) — > J Z , /C {2C + 3/) — ► 

and Riemann-Roch we have 

frVz'/x(2Cb + 3/)) = / i °(Jzvc(2Co + 3/)) = / i 1 (/| C + Z-P) = 

= + ^ - P) + 1 = 3. 

Therefore Z is in special position with respect to 2C*o + 3/ ~ C + K x , where C ~ 4Co + 7/. 
By [H] , |GH| , jHj , |L2j there is a rank 2 vector bundle £ on X sitting in an exact sequence 

(14) — » Ox — » £ — > ® £ — ► 

with ci(£") = C and 02(f) = 4 so that A(£) = £ 2 — 16 = 8 > 0. Therefore £ is Bogomolov 
unstable and ( |Boj . |Rj ) there are two line bundles A,B on X and a zero-dimensional 
subscheme W C X sitting in an exact sequence 

(15) — ► A — > £ — ► J^/x 5^0. 

Moreover £ ~ A + S, A.B + length(VF) = 4, (A - B) 2 = 8 + 41ength(VT) and yl - B lies 
in the positive cone of X. 

We record for later use two extra properties of A and B. 
For every nef line bundle M such that M 2 > we have: 

(16) (A-B).M>0; 

(17) AM > 0. 

To prove (Q2J) and (JTZJ) let M be a nef line bundle such that M 2 > 0. Then M.H > 
for every ample H, whence M lies in the closure of the positive cone of X, therefore 
(A — B).M > by [BPVl VIII.l]. Now if AM < then also B.M < by (Qlj), whence 
/i°(A) = = 0, as M is nef. But this and JTS} give /i°(£) = 0, contradicting (JUJ). 

Now (A -B) 2 >8 and (A + £) 2 = £ 2 = 24 therefore 

(18) A 2 + B 2 > 16. 

Moreover C lies in the positive cone of X, whence, by |BPV| VIII.l], (A — B).C > 0, that 
is 

(19) A 2 > B 2 . 

Now if A 2 < 8 we deduce by (0 that B 2 < 6, contradicting lfTg|). Therefore 

(20) A 2 > 10. 

Suppose that ^4 ~ aCo + ai/ so that B ~ (4 — a)Co + (7 — cti)/. Intersecting ^4 with the 
nef divisors /, Co + 2/ and using (|17|). we see that a > 0, ai > 0, whence ^4 > and in fact 
A > by (J2UJ). Also a > 0, for otherwise ^4 2 = 0. Now the exact sequences (fli)l and (fT5|) 
twisted by —A give 

(21) h°(J z/x (B)) > h°{£{—A)) > 1 

whence also B > 0. The nefness of Co + 2/ then implies 7 — a\ = B.(Cq + 2/) > 0, whence 
ai < 7, while the nefness of / implies that 4 — a = B.f > 0, whence a < 4. By ()16(l with 
M = C + 2/ we get 2a% - 7 = (A - B).(C + 2/) > 0, whence ai > 4. Finally by (gUJ we 
have that a(ai — a) > 5. Therefore we have proved that 

(22) 1 < a < 4, 4 < 01 < 7, 0(01 - a) > 5. 
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If a = 1, 2 we get that A 2 + B 2 < 12, contradicting ifTHj). Recall now that C n C = since 
C .C = 0. When a = 3 we have ,4 2 + B 2 = 4oi - 6 whence oi = 6, 7 by (fT5|). When oi = 7 
we have B ~ Co, whence B = Cq. By (|21|) we deduce the contradiction Z C Co PI C = 0. 
When oi = 6 we have B ~ Co + /, whence B = Co U F for some ruling i 7 . As above we 
have that Z n Co = 0, whence Z C F PiC . Since F.C = 4 we have that Z = F DC, whence 
Z ~ f\ c and therefore + Z ~ 2/| C is a complete base-point free g| on C. This is of 
course a contradiction since on X we have that 2f\Q is a complete base-point free g| on C. 
Finally when a = 4 we have B ~ (7 — ai)/ whence ai < 6 as B > 0. By (|22jl we get ai = 6 
whence -B ~ /, therefore again B = F for some ruling i 7 . Hence Z C FflC, giving the 
same contradiction above. This proves (j). □ 

Remark 3.5. Let C be a smooth tetragonal curve of genus 7 su ch that d im W^C) = 
and dimW£(C) = 1 (as in the case C ~ -2K X on X = £ 3 ). By |ACGHj W$(C) has an 
irreducible component of dimension at least 3 and whose general element A is a complete 
g\ on C. Moreover A is base-point free since dim W\ (C) = and dimWg (C) = 1. Also the 
same holds for Kq — A thus proving that, for these curves, there is a family of dimension 
at least 3 of complete base-point free g^s whose residual is also base-point free. 

4. Some results on Enriques surfaces 
We will use the following well-known 

Definition 4.1. Let L be a line bundle on an Enriques surface S such that L 2 > 0. 
Following |CD| we define 

<P(L) = M{\F.L\ : F e Pic S,F 2 = 0,F ■£ 0}. 

This function has two important properties: 

(i) cf){L) 2 < L 2 (jUDl Cor.2.7.1]); 

(ii) If L is nef, then there exists a genus one pencil \2E\ such that E.L 
2.11] or by [021 Cor.2.7.1, Prop. 2. 7.1 and Thm.3.2.1]). 

We will often use the 

Definition 4.2. Let S be an Enriques surface. A nodal curve on S is a smooth rational 
curve contained in S. 

We will now briefly recall some results on line bundles on Enriques surfaces, proved in 
|KLlj and |KL2j . that we will often use. 

Lemma 4.3. |KL2| Lemma 2.2] Let L > and A > be divisors on an Enriques surface S 
with L 2 > 0, A 2 = —2 and k := —A.L > 0. Then there exists an A > such that A 2 = L 2 , 
A. A = k and L ~ A + kA. Moreover if L is primitive then so is A. 

Lemma 4.4. |KL2| Lemma 2.3] Let S be an Enriques surface and let L be a line bundle on 
S such that L > 0, L 2 > 0. Let F > be a divisor on S such that F 2 = and 4>(L) = \F.L\. 
Then 

(a) F.L > 0; 

(b) if a > is such that (L — aF) 2 > 0, then L — aF > 0. 

Lemma 4.5. |KL11 Lemma 2.1] Let X be a smooth surface and let A > and B > be 

divisors on X such that A 2 > and B 2 > 0. Then A.B > with equality if and only 
if there exists a primitive divisor F > and integers a > 1, b > 1 such that F 2 = and 
A = aF, B = bF. 



= <p(L) (Eg 
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Definition 4.6. An effective line bundle L on a K3 or Enriques surface is said to be 
quasi-nef if I? > and L.A > — 1 for every A such that A > and A 2 = —2. 

Theorem 4.7. |KLll Corollary 2.5] An effective line bundle L on a K3 or Enriques surface 
is quasi-nef if and only if L 2 > and either h l (L) =0 or L = nE for some n > 2 and 
some primitive and nef divisor E > with E 2 = 0. 

Theorem 4.8. |KL2[ Corollary 1] Let \L\ be a base- component free linear system on an 
Enriques surface S such that L 2 > and let C € \L\ be a general curve. Then 

gon(C) = 20(L) 

unless L is of one of the following types: 

(a) L 2 = <f){L) 2 with 4>(L) > 2 and even. In these cases gon(C) = 2cj)(L) — 2. 

(b) L 2 = 4>(L) 2 + - 2 with <j>(L) > 3, L ^ 2D for D such that D 2 = 10, <j>(D) = 3. 
In these cases gon(C) = 2cp(L) — 1 except for 4>(L) = 3,4 when gon(C) = 2(p(L) — 2. 

(c) (L 2 ,(j)(L)) = (30,5), (22,4), (20,4), (14,3), (12,3) and (6,2). In these cases 

gon(C) = L^J + 2 = 20(L)-1. 
5. Tetragonal curves on Enriques surfaces and on surfaces 

OF DEGREE g — 1 IN P 3_1 

Let C be a smooth irreducible tetragonal curve of genus g > 6 and let M be a line bundle on 
C such that H 1 (M) = and ^m,lu C ^ s surjective. To have the surjectivity of the Gaussian 
map $ M,uc ) ^ is necessary, by Proposition Qjp i), that /i°(2K c — M — 6 2 ,A^) = for 
every g| on C. On the other hand when h°(2Kc — M) = 1 we need that &2,A > 1 for 
every g\ on C, that is fsee I2.15|l 62(C) > 1, because in this case, by Proposition I2.18f iib 
h°(2K c - M - b 2iA A) = cork$ M: wc is independent of A. As we have seen in 12.151 in the 
canonical embedding, C = Ya H Za C P 9_1 where Ya is a surface of degree g — 1 + &2,A 
by Lemma 12.161 Moreover 62, A = if and only if C is a quadric section of Ya- Therefore 
saying that 62(C) > 1 is equivalent to saying that C, in its canonical embedding, can never 
be a quadric section of a surface Ya of degree g — 1 in P 9_1 . 

The present section we will be devoted to proving that tetragonal curves of genus g > 7, 
lying on an Enriques surface and general in their linear system, in their canonical embed- 
ding, can never be a quadric section of a surface Ya of degree g — 1 in F 9 ' 1 . The latter 
fact will be then used to prove surjectivity of Gaussian maps for such curves in our main 
theorem. 

We start by observing that we cannot do better in genus 6. Let C be a smooth irreducible 
tetragonal curve of genus 6 and let A be a g\ on C. Now Kq — A is a g\ and has a base 
point if and only if C is isomorphic to a plane quintic. Therefore if C is not isomorphic to 
a plane quintic, then it has complete base-point free g\ and either C is bielliptic or the g\ 
is birational. In the latter case the image of C by the g 2 cannot have points of multiplicity 
higher than 2, therefore C does lie on X = S4 and is linearly equivalent to —2Kx- 
Hence we can restrict our attention to curves of genus g > 7. 

We will henceforth let S be an Enriques surface. 

Consider a base-point free line bundle L on S with I? > 12 and let C € \L\ be a general 
curve. By Theorem 14.81 we have that C is not trigonal and moreover C is tetragonal if and 
only if 4>(L) = 2. 

Now assume that 4>(L) = 2. We have 



SURJECTIVITY OF GAUSSIAN MAPS FOR CURVES ON ENRIQUES SURFACES 17 

Theorem 5.1. Let L be a base-point free line bundle on an Enriques surface with L 2 > 12 
and 4>(L) = 2. Then 62(C) > 1 for a general curve C £ \L\. 

The proof of this theorem will be essentially divided in two parts, namely a careful study 
of the cases L 2 = 12, 14 and 16 and an application of previous results for L 2 > 18. In both 
parts we will employ the following 

General remark 5.2. Let C be a tetragonal curve of genus g and let A be a g\ on C such 
that hi a = 0. Then, bv 12.151 and Lemma 12.161 in its canonical embedding, C is a quadric 
section of a surface Ya C P 9-1 of degree g — 1 whence, by Remark 13. 3\ C is contained in a 
surface X that is either £io- g , or BlyC g -\, or a smooth quadric in P 3 or BlyQ where Q 
is a quadric cone in P 3 , or P 2 . Also C is either bielliptic (in the case of C 9 _i) or linearly 
equivalent to —2Kx- 

We start with the cases of genus 7, 8 and 9. 

5.1. Curves of genus 7. We will need the ensuing 

Lemma 5.3. Let L be a base-point free line bundle on an Enriques surface with L 2 = 12 
and 4>(L) = 2. Let \2E\ be a genus one pencil such that E.L = 2. Then there exists a 
primitive divisor E\ such that E\ > 0, E\ = ; E + E\ is nef, h Q {E\) = h?(Ei + K s ) = 1 
and one of the following cases occurs: 

(i) 4>(L - 2E) = 1 and L~3E + 2E 1; E.E X = 1; 

(ii) (p(L -2E) =2 and L ~ 3E + E 1} E.E\ = 2. 

Moreover, in case (ii), for any smooth curve C £ \L\, we have that h°({Ex)\ c ) = h°((E 1 + 
Ks)\c) = 2- 

Proof. We have {L-3E) 2 = 0, E.(L-SE) = 2 and by LemmalPlwe can write L ~ 3E+E[ 
with E[ > 0, {E[) 2 = and E.E[ = 2. Also 1 < <j)(L - 2E) < y 7 (L - 2E) 2 = 2. 
If (f){L — 2E) = 2 we set E\ = E[. Then certainly E\ is primitive and we have L ~ 3E-\-E\, 
E.E X = 2, as in (ii). 

If 4>(L - 2E) = 4>(E + E[) = 1 let F > be a divisor such that F 2 = and F.(E + E[) = 1 
(i* 1 exists by Lemma 14 .4|) . Then necessarily F.E = 1,F.E[ = therefore E[ = 2F by 
Lemma 14.51 and we can set E\ = F. Replacing, if necessary, E with E + Ks, we have that 
Ei is primitive and L ~ 3-E + 2E\, E.E\ = 1, as in (i). 

Since E\ is primitive, to see, in both cases (i) and (ii), that h°(Ei) = h (E\ + Ks) = 1, by 
KLlj Cor. 2. 5], we just need to show that E\ is quasi-nef. Let A > be a divisor such that 
A 2 = —2 and k := —E\.A > 1. By |KL21 Lemma2.2] we can write E\ ~ A + kA for some 
A > primitive with A 2 = 0, A A = k. Now < L.A = 3E.A + E[.A < 3E.A - 1 gives 
E.A > 1. From 2 > E.E X = E.A + fc^.A we get that either k = 1 or k = 2,E.A = 1 and 
E.A = 0. In the latter case we have that E = A by Lemma 14.51 and this is a contradiction 
since AA = 2. 

Therefore we have proved that E\ is quasi-nef and if E\.A < —1 then E\.A = —1, £7. A > 1. 
This of course implies that E + E% is nef. 

Suppose now that we are in case (ii), let F = E\ and let C £ \L\ be a smooth curve. From 
the exact sequence 

— > F -L — > F — > F\ C — >0 

and the fact just proved that h°(F) = 1, /i x (F) = 0, we see that h?(F\ c ) = l+h l (F-L) = 2 
since F - L = -3E. □ 



The above lemma allows to exclude quickly the bielliptic case. 
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Remark 5.4. Let L be a base-point free line bundle on an Enriques surface S with L? = 12 
and (p(L) = 2. Let \2E\ be a genus one pencil such that E.L = 2. Let G be a general curve 
in |L|. If 62(C) = we can certainly say that G is not bielliptic since if A is a complete 
base-point free <?| on G we have, by Proposition 13. 4( g). that A ~ (/1 + /2)|c therefore 
|Kc — -A I = K/i + ... + ^4 ) 1 C7 1 is not birational. On the other hand on the Enriques 
surface S, if we pick A = (2E)iq, using the notation of Lemma l5.3| we have that either 
K c - A ~ (E + Ei + K S )\ C or K c - A ~ (E + 2£i + #s)| C . Since the linear systems 
l-B + Ex + i'Csl and \E + 2i?i + K5I define a map whose general fiber is finite by |CD1 
Thm.4.6.3 and Thm.4.5.1], we get that \Kq — A\ is birational for general G since \L\ is 
birational by jUHl Thm.4.6.3 and Prop.4.7.1]. 

According to the two cases in Lemma 15.31 we will have two propositions. 

Proposition 5.5. Let L be a base-point free line bundle on an Enriques surface with 
I? = 12 and 4>{L) = 2. Let \2E\ be a genus one pencil such that E.L = 2 and suppose that 
<j)(L - 2E) = 1. 

Then 62(C) > 1 for a general curve C E \L\. 
Proof. We use the notation of Lemma 15.31 

First we prove that either (E + Ei)\ c or (E + Ei + K$)\c is a complete base-point free g\ 
onC. 

To this end note that since (E + Ei) 2 = 2 and E + Ei is nef by Lemma 15.31 we have by 
|CD[ Prop. 3. 1.6 and Cor. 3. 1.4] that either E + E\ or E + Ei + K$ is base-component free 
with two base points. Let B = E + Ei be the line bundle that is base-component free. As 
C is general in |L| we have that B\c is base-point free. Now the exact sequence 

— > B-C — > B — ► B\ C — >0 

shows that also B\q is a complete g\ since B — C = —2E — E\ whence h}(B — C) = 
because 2E + Ei is nef by Lemma 15.31 

Now suppose that there exists a line bundle A that is a g\ on C and is such that 62^ = 0. 
By the general remark HT2*1 we know that C lies on a surface X (obtained by desingularizing 
Ya, if necessary) and either X = S3, C ~ — 2Kx or X = BlyC§ and C is bielliptic. As C 
has a complete base-point free g\ the second case is excluded by Proposition I3.4f (or by 
Remark 15.4(1 . When X = S3 by Proposition I3.4f e) we know that there is a point P £ C 
such that either B\ c ~ H\ c - P or B\ c ~ (2# - d - G 2 - G 3 )| C - P. 
If B\ C ~ H\ C - P then 

K c ~ (3i? - Gi - G 2 - G 3 )| C ~(L + K s -B)\c + H ]c - P 

whence 

(23) (L + Ks — B)\ C -p ~(2H -G1-G2- G 3 )\ c is a g\ on C. 

If S| C ~ (2H -G1-G2- G 3 )| C - P then 

K c ~ (3P -G1-G2- G 3 ),c ~ + K s - B\ c + (2H - Gi - G 2 - G 3 ) ]c - P 
whence 

(24) (L + K s - B)\ C - P ~ H\ C is & g$ on C. 
But using the Enriques surface S" we have an exact sequence 

— ► Ks — B — > L + Ks - B — > (L + Ks - B)\ c — > 
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and L + K s - B = 2E + E u h l (K s - B) = by Lemma Ol whence (L + K s - B)\ c is a 
base-point free g 2 on C, contradicting (|2*3*|) and ()24[). □ 

Now the other case. 

Proposition 5.6. Let L be a base-point free line bundle on an Enriques surface S with 
L? = 12 and 4>(L) = 2. Let \2E\ be a genus one pencil such that E.L = 2 and suppose that 
4>{L — 2E) = 2. Then the general curve in\L\ possesses no g\ and satisfies 62(C) > 1- 

Proof. The proof will be a variant of the method of |KL2| Section4] . By Lemma 15.31 we 
have L ~ 3E + E 1 with E > 0, E 1 > both primitive, E 2 = E\ = 0, E and E + E 1 are 
nef and E.E 1 = 2. Let D = 2E + E 1 so that D 2 = 8, <f){D) = 2, D.L = 10 and D is nef, 
whence base-point free by |CD1 Prop. 3. 1.6, Prop. 3. 1.4 and Thm.4.4.1 ]. 
Now recall that by |CD1 Thm.4.6.3 and Thm.4.7.1] the linear system \D\ defines a bira- 
tional morphism ipjj : S — > S C P 4 onto a surface S having some rational double points, 
corresponding to nodal curves R C S such that D.R = 0, and two double lines, namely 
ipjj(E) and vd(E + Ks). More precisely by |Kn2l Prop. 3. 7] we see that if Z C S is 
any zero-dimensional subscheme of length two not imposing independent conditions to 
\D\ then either ZdE 01 Z<zE + K$ or any point x £ Supp(Z) lies on some nodal 
curve contracted by cpo- Observe that if R C S is a nodal curve contracted by <*pd , then 
= D.R = E.R + {E + E X ).R whence E.R = E X .R = by the nefness of E and oiE + E 1 . 
This implies that C.R = 0, whence that C n R = 0, for any C € |£| STO . Also, if S contains 
a line different from the two double lines, then this line is image of a nodal curve T C S 
such that D.T = 1 whence, using again the nefness of E + Ex, we have that either E.T = 0, 
E 1 .T = 1 or E.T = 1, E 1 .T = -1. This implies that C.Y = 1,2 for any C G |L| sm . In 
particular, since C.E = 2, we find that for each line on S its inverse image in S can contain 
at most two points of any C € |£| sm . Moreover S contains finitely many lines, namely the 
two lines (po{E), ipjj(E + Ks) and the images of the finitely many irreducible curves T C S 
such that D.T = 1 (these are finitely many since if D.T = 1 we get T 2 = —2). 
By B,emark 15.41 we know that there is a proper closed subset B C \L\ sm such that every 
element in B is bielliptic and by Theorem 14.81 there is another proper closed subset -B3 C 
|L| sm such that every element in B3 is trigonal or hyper elliptic and any element of U : = 
\L\sm — (B U B3) is tetragonal. We set B 2 for the closed subset of \L\ sm whose elements 
correspond to curves having a g\. 

The goal will be to prove that the open subset \L\ sm — (B U B3U B 2 ) is nonempty. 

We will therefore suppose that it is empty, so that every C £U has a linear series Ac that 

is a g\ on C . 

Since h°(D\ C - A c ) = h (uj c - A c - (E + K s )\ c ) > h l {A c ) - 2 > 1, we see that there 
exists an effective divisor T of degree 4 on C such that T ~ D\c — Ac- 

Claim 5.7. For each T as above we have h ■ (<Jt I s(D)) = 3 and h . (J7?y <?(-£)) = 4. 

Proof. The first part of the claim follows by the exact sequence 

(25) — ► Os(-E) — > J T/S (D) — ► J T/C (D) — ► 

since then h°(J T/s (D)) = h°(J T/c (D)) = h°(A c ) = 3. 

To see the second part of the claim consider the exact sequence 

— ► O s — ► Jt/s ®L — ► J T/C <8> L — ► 

so that h°{J T/s <g> L) = 1 + h°(L\ c — T) = 1 + h°{A c + %). 
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We will prove that h°(A c + E\ c ) = 3. Now h°(A c + E\ c ) > h°(A c ) = 3 and we need to 

exclude that h°(A c + E\ C ) > 4. 

Assume henceforth that h°(Ac + E\q) > 4. 

Since deg(A c + E ]c ) = 8 and Cliff(C) = 2, if h°(A c + E\ C ) > 4, we must have h°(A c + 
E\c) = 4, therefore bP(J^r/s ® L) = 5. Since h°(L) = 7 we see that there is a zero- 
dimensional subscheme Z C T such that length (Z) = 3 and h°(J^z/S ® L) = 5. We claim 
that there is a proper subscheme Z' C Z such that length(Z') = 2 and h°{J Z i / s eg) L) > 6. 
In fact if for every proper subscheme Z' C Z with length(Z') = 2 we have h?{Jz' /s®L) = 5 
then Z is in special position with respect to L + Fs and, since L 2 = 41ength(Z) = 12, 
we deduce by |Kn2l Prop. 3. 7] that there is an effective divisor B such that Z C B and 
L.B < B 2 + 3 < 6. Since B.L > 3 we get that 

(26) 3 < L.B <B 2 + 3<6 

whence < B 2 < 2. Note that for any F > with F 2 = we have either F.L > 4 or 
F = E (whence F.L = 2). Now if B 2 = 2 we can write B ~ +F 2 with F f > 0, F 2 = for 
i = 1, 2 and F1.F2 = 1. By l|26|) we have L.Fi + L.F2 = L.i? < 5, whence the contradiction 
Fl = F = F2. Therefore i? 2 = and L.i? = 3 by (|26f). again a contradiction. 
We have therefore proved that there is a proper subscheme Z' d Z d C such that 
length(Z') = 2 and h (Jz'/S ® L) > 6, whence h Q {Jz'/s ® i) = 6 as L is base-point 
free and therefore is not separated by the morphism ipi : 5 — > P 6 . Now recall that 
by |CD1 Thm.4.6.3, Prop. 4. 7.1 and Cor.l, p. 283] (fL is a birational morphism onto a sur- 
face having some rational double points, corresponding to nodal curves R C S such that 
L.R = 0, and two double lines, namely ipl{E) and <pl{E + Kg) and that (pi is an isomor- 
phism outside F, F + Fg and the nodal curves contracted. In particular we deduce that 
either Z' = C n F or Z 7 = C n F'. We claim that this implies that either T ~ (2F)| C or 
T~(2F + F S )| C . 

To see the latter suppose for example that Z' = C n F and set W = T — Z' on C . Then 
length(W) = 2 and 4 = h°(L\ c - T) = h?{D\ c + Z'-T) = h°(D\ C - W), whence the exact 
sequence 

— ► O s (-E) — ► J w/S (g> D — > J w/C <8> D — > 

shows that h Q {Jy//s®D) = 4. Therefore is not separated by the morphism ifjj : S — > P 4 . 
As C fl F = 0, for any nodal curve F contracted by we have that either W ~ Fi^ or 
W ~ (F + F S )| C , whence either T ~ (2F)| C or T ~ (2F + F S )| C . 

Finally since we know that T ~ D\q — Ac we deduce that either Ac ~ (E\)\c or ~ 
(Fx + Ks)\Ci but this contradicts Lemma 15.31 □ 

Continuation of the proof of Proposition 15.61 Consider the following incidence subscheme 
of Hilb 4 (,S) x U : 

3 = {(T, C) : T G Hilb 4 (S), C E W, T CC and /i°(F| C - T) > 3} 
together with its two projections ir : ^ — > Hilb 4 (S') and p : % ^U. 

Our assumption that any C £U carries a g\ implies, as we have seen, that p is surjective, 
whence we deduce that Z has an irreducible component 3o such that dim^o > 6. Since 
the fibers of ir have dimension at most hP{Jxig{L)) — 1 = 3 by Claim l5~Tl we get that 
dim7r(3o) > 3. 

Using 7r(3o) we build up an incidence subscheme of vr(3o) x \D\ ■ 

J = {(T, D') : T E 7r(3o), D' 6 T C D'} 
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together with its two projections 

(27) / : J -» \D\ and h : J -> tt(3 ). 

By (|25|) and the definition of vr(5o) we have that h is surjective. Since the fibers of h have 
dimension h (Jt/s(D)) — 1 = 2 by Claim 1^71 we find that J has an irreducible component 
Jq such that dimj7o > 5. 

To show that this fact leads to a contradiction let us return to the morphism (f£> : S — * 
ScP 4 _ 

A general hyperplane section D = SnHcf 3 isa curve of degree 8 with two nodes, whence 
of arithmetic genus 7. Consider, for i = 2,3, the exact sequence 

— > Os(i - 1) — > Os(i) — — > 0. 

Using Riemann-Roch on D we get 

/A%(3)) < ^°(%(2)) + fc°(On(3)) < + fc°(<%(2)) + ^°((%(3)) = 33 

whence /i°(j7g/p4(3)) > 2 and therefore there is a plane PcP 4 such that SU-P is a complete 
intersection of two cubics in P 4 . 

Now every T G vr(3o) has three important properties. First of all we know that T C C 
for some C G U and C n i? = for every nodal curve R contracted by ipo, therefore 
also T n R = for every nodal curve R contracted by ipo- Secondly, since C.E = 2, 
we get that length(T n E) < 2 and length(T n (E + K s )) < 2. Thirdly the linear span 
It '■=< ipn(T) >C P 4 is a line by Claim I57T1 Moreover let us prove that we cannot have 
infinitely many elements T £ 7r(3o) such that It is the same line. Suppose to the contrary 
that there is an infinite set Z C vr(3o) an d a nn e I C P 4 such that It = I for every T G Z. 
If Z is not contained in S then it meets S in finitely many points, therefore there is a point 
P G / and an infinite set V C S such that (Pd(x) = P for every x G V and each x G V 
lies on some Te Z. Now V C (pp l (P) therefore (p^(P), being infinite, must be a nodal 
curve contracted by cpz> (recall that ip£> is 2 to 1 on E and E + Kg) and this is absurd since 
for any for x G V we have that x £ T for some T 6 Z and we know that T n -R = for 
every nodal curve R contracted by Therefore / is contained in 5 and all T G Z lie in 
</?^ 1 (/) C <S and this is absurd since each T is contained in some CgW and we know that 
tp^pil) can contain at most two points of any C €14. 

Since dim7r(3o) > 3 we have that there is a family of lines It ■=< <^d(T) > of dimension 
at least 3 meeting S along ipu(T). 

Now let T G 7r(3o) be a general element. We cannot have that length ((fn(T)) > 4, else 
<Pd(T) is contained in It n F3 for every cubic F3 containing 5, that is It is contained in 
S U P, a contradiction since S contains finitely many lines and of course P = P 2 contains 
a 2-dimensional family of lines. 

Therefore length(<^£)(T)) < 3 for a general T G vr(3o)j whence such a T is not mapped 
isomorphically by ipu and therefore it does not lie in the open subset S — E U (E + Ks) U 
i?iU. . .URn, where R\, . . . , R n are the nodal curves contracted by </?£>■ This means that for a 
general T G vr(3o) we have that (^D(T)nSing(S') 7^ and therefore also ipD(T)r\Sing(DQ) ^ 
for any Dq containing T. 

Now consider the map /o := f\j : i7o - ► from p7j) . Certainly /q cannot be surjective, 
for otherwise a general hyperplane section Dq of S 1 would have infinitely many lines It 
passing through a fixed node of Dq. Hence the projection of Dq from that node would give 
either a 2 to 1 map of Dq onto a singular (since Dq has two nodes) plane cubic, whence 
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Dq would be hyperelliptic, or a 3 to 1 map onto a conic, whence -Do would be trigonal. 
Therefore gon(-Do) < 3 for a general Dq G \D\, contradicting Theorem 14.81 
Hence dim/o(^7o) < 3 and let Dq G /o(i7o) be a general element. If dim/o(j7o) < 2 we get 
that dim Jo" 1 (Do) > 3, whence a general element (T,Dq) G f Q ~ 1 (Do) is such that at least 
three points of T are general on Dq. But this is a contradiction since these points give rise 
to three general points of Dq that span a line. 

Therefore dim/o(i7o) = 3- We will first prove that this implies that Dq is reducible. 
Suppose that Dq is irreducible. Note that both Dq and Dq are reduced, for otherwise we 
would have that Dq ~ mA for some A > and some m > 2, but then Dq = 8 implies 
m = 2, whence that E\ is 2-divisible, a contradiction. Since dimj7o > 5 we have that 
dim/o^A)) > 2 and for each (T,D ) G /^(A)) we know that Z T =< <pr>(T) >C P 3 is 
a line. Moreover we showed above that we cannot have infinitely many divisors T's such 
that l T C P 3 is the same line, therefore Dq has a family of dimension at least two of lines 
It meeting Dq along y?o(T) and length(9j£)(T)) < 3 for a general such T. Hence we have 
a family of dimension at least two of lines meeting Dq on a singular point Pq of -Do an d 
meeting it furthermore at two points (possibly coinciding). Also, since Tf]R = for every 
nodal curve R C S contracted by ipr>, we see that ^Pd(T) is not a point. Now a general 
projection D' Q of -Do in P 2 has the same property, namely that the general secant line to 
-D goes through a fixed point (the projection of Pq) and this is absurd since D' is not a 
line. This proves that -Do is reducible and we can now assume that 

fo(Jo) C {D' G |D| : D' is reducible}. 

To exclude this case we will therefore study the reducible locus of \D\. To this end we first 
prove the following two facts. 

Claim 5.8. There is no decomposition D ~ A + B with h°(A) > 2 and h°(B) > 2. 

Proof. Suppose such a decomposition exists. Then we get A.D > 2(p(D) = 4 and similarly 
B.D > 4, whence A.D = B.D = 4, since D 2 = 8. Let A ~ Fa + M A , B ~ F B + M B be the 
decompositions into base-components and moving parts of \A\ and \B\. Then h (Ma) > 2 
and h°(M B ) > 2, whence, as above, M A -D = M B .D = 4. Now by jUHl Prop. 3.1.4] either 
Ma ~ 2/i.E' for some genus one pencil \2E'\ or M| > 0. In both cases we can write 

n 

M A ~ E with F i > °> -F? = and n > 2 > therefore 4 = M A -D > n<j>(D) = 2n. Hence 
i=l 

n = 2 and M^4 ~ 2-E, since for any F > with -F 2 = and -F.-D = 2 we must have 
F = E. Similarly M B ~ 2E and therefore 2E + E 1 = D > \E. But then ^ > 2E whence 
hP(Ei) > 2, a contradiction by Lemma 15.31 □ 

Claim 5.9. Let D ~ A + M for some A > and M > mtt M 2 > 6. T/ien M 2 = 6, 
A 2 = -2, D.A = 0. 

Proof. By Riemann-Roch we have that h°(M) > 4, whence, by Claim l5~8l h (A) = 1. 
Hence A 2 < by Riemann-Roch and M 2 = (D — A) 2 = 8 + A 2 — 2-D.A > 6, so that 

2D».A < 2 + A 2 . 

If A 2 = we find the contradiction 2 > 2D. A > 2<j)(D) = 4. If A 2 < -2, by the nefness of 
D, we find that > 2 -D.A > 0, that is M 2 = 6, A 2 = -2 and -D.A = 0. □ 

Now the reducible locus: 

Claim 5.10. Let W be an irreducible subvariety of {D' G \D\ : D' is reducible} such 
that dimP^ = 3. Then there is a divisor Gy/ > with h°(G\y) = 1 and such that if 
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M ~ D — Gw then \M\ is base- component free and every curve D' €zW is D' = Gw + M' 
for some M' G \M\. Moreover M 2 = 6, G^ = -2 and D.G W = 0. 

Proof. Let D' be an element of W. Since D' is reducible we have that D' = G + B with 
G > 0, B > and, by Claim 15131 we can assume that h (G) = 1. Since the divisor classes 
G > such that Z) — G > are finitely many, we see that h°(B) > 4. Let G" be the 
base component of \B\ and let M be its moving part. Then also h°(M) > 4 and M 2 > 0, 
for otherwise we have M 2 = whence, by jEHl Prop.3.1.4], we get that M ~ 2hE' , with 
|2£/'| a genus one pencil and h + 1 = h°(M) > 4, contradicting Claim EB1 since then 
Z) ~ 2£" + 2(7i - + G + G' and /i°(2£') = 2, fc°(2(/i - 1)^' + G + G') > 2. Therefore 
1 + Mi = /j (M) > 4, whence M 2 > 6 and of course D ~ G + G' + M with G + G' > 
and /i°(G + G') = 1 by Claim EH1 By Claim Owe have that M 2 = 6, (G + G') 2 = -2 
and £>.(G + G') = 0. Therefore = h°(M) = 4. 

Since the possible G + G' are finitely many, we get that dimW = dim|M| = 3. Let 
Gi , . . . , G n be the finite set of divisors G > such that D — G > and let B{ = D — Gi for 
i = 1, . . . , n. We have seen that for every D' S W there is an i G {1, . . . , n} and a divisor 
B' € |-Bj| so that D' = Gi + B'. Let ^ : \Bi\ — * \D\ be the natural inclusion defined by 
4>i{B) = B + Gi. Then 

n 

W C \Jlm<j)i 

i=l 

and since Im^j = \Bi\ is a closed subset of |D| and is irreducible, we deduce that there 
is some G w with h°(G w ) = 1, D' ~ G w + M and every curve D' £ W is D' = G w + M' 
for some M' G |M|. Finally the remaining part follows by Claim □ 

Conclusion of the proof of Proposition Recall that dim/o(j7o) = 3 and that a general 
element Dq G fo(Jo) is reducible. By Claim t5~T0| there is a G > with h°(G) = 1 and 
such that if M ~ £> - G then |M| is base-component free, M 2 = 6, G 2 = -2, L>.G = and 
every curve D' G fo(Jo) is D' = G + M' for some M' G |M|. Moreover note that every 
irreducible component of G is a nodal curve contracted by (pp. 

n 

Therefore Dq = (J Ri U Mo where the R^s are nodal curves contracted by ipn and Mo is 
general in |M|. Now M$ is a smooth irreducible curve by |CD1 Prop.3.1.4 and Thm.4.10.2] 

n 

and (pjj(Mo) is a nondegenerate (since h°(Yl Ri) = 1) integral curve in P 3 . On the other 

i=i 

hand we know that on Dq there is a family of dimension at least 2 of divisors T such that 
(T, Dq) G / ~ 1 (L'o) and each T gets mapped to a line It by i^o. Since for each T we have 
that T D Ri = for all i = 1, . . . , n, we deduce that all these T's lie in Mo and this gives a 
contradiction since then ^£>{Mq) would have a two dimensional family of lines It as above. 
We have therefore proved that the general curve C G \L\ possesses no g|. 
To see that it satisfies 62(G) > 1 suppose that there exists a line bundle A that is a g\ 
on G and is such that 62, A = 0. By the general remark 15.21 we know that G lies on a 
surface X (obtained by desingularizing Ya,, if necessary) and either X = S3, G ~ —2Kx 
or X = BlyCs and G is bielliptic. But this is clearly a contradiction since in both cases G 
carries g>|'s. □ 

5.2. Curves of genus 8. 

Proposition 5.11. Zei L be a base-point free line bundle on an Enriques surface with 
L 2 = 14 and <j>(L) = 2. 

Then 62(G) > 1 for a general curve C G \L\. 
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We will use the following 

Lemma 5.12. Let L be a base-point free line bundle on an Enriques surface with I? = 14 
and 4>(L) = 2. Let \2E\ be a genus one pencil such that E.L = 2. Then there exists two 
primitive divisors E±, E2 such that Ei > 0, Ef = 0, E.Ei = E\.E 2 = 1 for i = 1, 2, 

L ~ 3E + Ei + E 2 

and 

(i) E + Ei is nef; 

(ii) either 2E + E2 is nef or there exists a nodal curve T such that E 2 = E\ + I\ 
E.T = 0, E\.Y = 1, E2.T = — 1. 7n particular 2E + £2 is quasi-nef. 

Moreover let C E \L\ be a general curve. Then 

(iii) either {E + E\)\q or (E + Ei + JCsr) ic? * s a complete base-point free g\ on C; 

(iv) (2.E + E2)\c and (2E + E2 + -K"s)|c are complete base-point free g\ 's on C . 

Proof. Using Lemma 14,41 and Lemma 14.51 we can write L ~ 3E + Ei + E2 with £7$ > 
primitive, E 2 = and E.Ei = E 1 .E 2 = 1, i = 1,2. 
We now claim that we can assume that E + E\ is nef. 

Suppose that there is a nodal curve T such that T.{E + E\) < 0. Then E\.Y < —1 — .E.T < 
— 1 and := — £?i.r > 1 + £T > 1. By Lemma |4.3l we can write E\ ~ A + kT with 
^ > primitive with A 2 = 0. If E.T > we have that k > 2 giving the contradiction 
1 = E'.-Ed = E.A + kE.T > 2. Therefore -BT = and the nefness of L implies that 
E 2 .T > 0. From 1 = E 2 .E 1 = E 2 .A + kE 2 .T > 1 we deduce that k = 1 and £ 2 -^ = 
whence E2 = A by Lemma l4.5l and therefore £7i = E 2 + T. Now if in addition we have that 
also E + E2 is not nef then the same argument above shows that there is a nodal curve T' 
such that E2 = E\ + T', giving the contradiction r + T' = 0. Therefore either E + E\ or 
-E + E2 is nef and (i) is proved. 

Now let A > be such that A 2 = -2, A.(2E + E 2 ) < 0. Then E 2 .A < -1 - 2£.A < -1 
and A; := -E 2 .A > 1 + 2E.A > 1. By Lemma PI we can write E 2 ~ A + kA with 
yl > primitive with A 2 = 0. If E.A > we have that k > 3 giving the contradiction 
1 = -E.-E2 = -E-A + kE.A > 3. Therefore £\A = and the nefness of L implies that 
E 1 .A > 0. From 1 = E X .E 2 = E\.A + kEy.A > 1 we deduce that fe = 1 and E\.A = 0, 
whence E\ = A by Lemma 14 . 5 1 and therefore E 2 = + A. Hence 2E + E2 is quasi-nef and 
if it is not nef then we can choose A to be a nodal curve. This proves (ii). 
To see (iii) note that since (E + E{) 2 = 2 and E + E\ is nef by (i), we have by |CD| 
Prop. 3. 1.6 and Cor. 3. 1.4] that either E + E\ or E + E\ + i^s is base-component free with 
two base points. Let B = E + E\ be the line bundle that is base-component free. As C is 
general in \L\ we have that B\q is base-point free. Now the exact sequence 

— >B-C — >B — > B\ C — >0 

shows that also B\q is a complete <7g since B — C = —2E — E 2 whence h 1 (B — C) = by 
Theorem 14.71 because 2E + E2 is quasi-nef. 

To see (iv) note that if 2E + E2 is nef then it is base-component free with two base points 
by [DEI Prop.3.1.6, Prop.3.1.4 and Thm.4.4.1] whence (2E + E 2 )\ c is base-point free, as C 
is general. The same argument shows that (2E-\-Ei)\q and (2E+Ei+Ks)\c are base-point 
free by (i) . Now if 2E + E 2 is not nef then 2E + E 2 = 2E + E\ + T by (ii) whence again 
(2E + E2)\c is base-point free, since T.C = 0. Now the exact sequence 

— >-E-E x — > 2E + E 2 — > {2E + E 2 )\ c — > 



SURJECTIVITY OF GAUSSIAN MAPS FOR CURVES ON ENRIQUES SURFACES 



25 



shows that also (2E + E 2 )\ c * s a complete g% since h}(—E — E\) = because E + E\ is nef 
by (i). Similarly we can show the same for [2E + E2 + Ks)\c- D 

Before proving Proposition 15 . 1 ll we use the above lemma to deal with the case of T, 2 . This 
is used also in the proof of Proposition 4.17 in |KL2j . 

Lemma 5.13. Let L be a base-point free line bundle on an Enriques surface with I? = 14 
and 4>(L) = 2. Then the general curve C G \L\ cannot be isomorphic to a curve linearly 
equivalent to —2Kx on X = T, 2 . 

Proof. By Lemma l5.12f iii) there is a line bundle B such that B = E + E\ and B\c is a 
base-point free complete g\ on C. By Proposition 13,41^ there are two points Pi,P 2 £ C 
such that B\ C ~ (2H -G x - G 2 )\ c - Pi - ffe. 
Now 

K c ~ (35 - Gi - G 2 )| C ~ B\ C + P l + P 2 + H\ C 

whence 

(28) (L + K s - B)\ C -P x -P 2 ~ H\ C is a <? 2 on C. 

On the other hand by Lemma l5.12f iv) we have that (L + K$ — B)iq is a base-point free <7§ 
on C and this contradicts (|28j) . □ 

Proof of Proposition ^. Ill Suppose that there exists a line bundle A that is a on C and is 
such that 62, A = 0. By the general remark 15^21 we know that C lies on a surface X (obtained 
by desingularizing Ya, if necessary) and either X = £2, C ~ — or X = BlyCi and 
C is bielliptic. The latter case is excluded since, by |KL2l Prop. 4. 17], C has a unique c/4 
while the first case was excluded in Lemma 15.131 □ 

5.3. Curves of genus 9. 

Proposition 5.14. Let L be a base-point free line bundle on an Enriques surface with 
L? = 16 and cj){L) = 2. 

Then 62(C) > 1 for a general curve C £ \L\. 
We will use the following 

Lemma 5.15. Let L be a base-point free line bundle on an Enriques surface with L? = 16 
and 4>(L) = 2. Let \2E\ be a genus one pencil such that E.L = 2. Then there exists a 
divisor E\ such that E\ > 0, E\ = 0, E.E\ = 2 and 

L^AE + E-i. 

Moreover if ^(Ei + Ks) 7^ there exists a divisor E 2 such that E 2 > 0, E\ = 0, E.E 2 = 1, 
E\ = 2E 2 and E + E 2 is base- component free. 

Proof. Since (L - 4E) 2 = and E.(L - AE) = 2, by Lemma I4~H we can write L ~ AE + E\ 
with E x > 0, El = and E.E\ = 2. 

By Theorem O if H X {E\ + K s ) + then either E x = nE' for n > 2 and some genus 
one pencil \2E'\ or E\ is not quasi- nef. In the first case we have 2 = nE.E' whence 
n = 2, E.E' = 1 and we set E' 2 = E'. Also E + E' 2 is nef in this case. 

If Ei is not quasi-nef there exists a A > such that A 2 = —2, A.Ei < —2. By Lemma 
l4~3| we can write E x ~ A + kA with A > 0, A 2 = 0, A.A = k and k = -E X .A > 2. 
The nefness of L implies that E.A > 0, whence from 2 = E.E% = E.A + kE.A > 2 we 
deduce that k = 2, E.A = 1 and E.A = 0. Hence A = qE for some q > 1 by Lemma 
1131 Now 2 = AA = g and therefore E x = 2E + 2A. We now set E' 2 = E + A. Let us 
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prove that E + E 2 = 2E + A is nef. Let T be a nodal curve such that (2E + A)T < 0. 
Since now L = 6E + 2A the nefness of L implies that E.T > 0. Now (2E + A) 2 = 2 
and (E + T) 2 > whence (E + T).{2E + A) > 1. But this is a contradiction since 
(E + T).{2E + A) = 1 + T.(2E + A) < 0. 

Now that E + E 2 is nef we just observe that by |CD| Prop. 3. 1.6 and Cor. 3. 1.4] either E + E 2 
or E + E' 2 + Ks is base-component free, whence to conclude we choose accordingly E 2 = E 2 
or E 2 = E 2 + K S . □ 

Proof of Proposition 15. 141 We use the notation of Lemma 15.151 

Suppose that there exists a line bundle A that is a g\ on C and is such that b 2 , A = 0. By 
the general remark f5.2l we know that C lies on a surface X (obtained by desingularizing 
Ya, if necessary) and either X = T,i,BlyQ and C ~ —2Kx or X = BlyCs and C is 
bielliptic. When X = Si or BlyC$ we get that C has a complete base-point free g\ and 
this is excluded by |KL31 Prop. 3. 5]. The bielliptic case can also be excluded in another 
way, since, by |KL21 Prop. 4. 17], C has a unique g\. Therefore C ~ —2Kx on X = BlyQ. 
By Proposition I3.4f h) we have that C has a unique g\, namely f\c- Hence (2E)\ C ~ f\ c 
and we deduce that h°((4E)\ C ) = h°(2f\ C ) = 4. Now the exact sequence 

— ► -E x — > AE — ► {4E)\c — > 

shows that H l (Ex + K s ) + 0, since h°(4:E) = 3. Therefore there exists a divisor E2 as in 
Lemma 15. 151 

Let us prove that {2E + £^2)10 i s a complete base-point free g% on C. 

To this end note that since (2E + -E'2) 2 = 4 and 2E + E2 is base-component free with two 
base points by Lemma 15 . 1 5 1 and CD, Prop. 3. 1.6, Prop. 3. 1.4 and Thm.4.4.1], we have that 
(2E + E2)\c is base-point free. Now the exact sequence 

— > 2E + E 2 - C — >2E + E 2 — ► (2E + E 2 )\ c — > 

shows that also (2E + E 2 )\c is a complete g$ since 2E + E 2 — C = — 2E — E 2 whence 
h 1 (2E + E 2 -C) = because 2E + E 2 is nef. 

Let Z = E 2 nC. Then Z C C is an effective divisor such that f\c + Z ~ (2E + E 2 )\c is a 
complete base-point free <?! on C, contradicting Proposition I3.4f i) . □ 

We can now complete the proof of Theorem 15.11 

Proof of Theorem \b. 11 By Lemma 15.31 Propositions 15.51 15.61 ISTTl and 15.141 we can assume 
I? > 18. 

Let C be a curve as in the theorem, let g = ^- + 1 > 10 be the genus of C and suppose that 
b 2 (C) = 0. By the general remark l5~2*l either C is bielliptic or g = 10 and C is isomorphic to 
a smooth plane sextic. Now by |KL21 Prop. 4. 17] we have that C has a unique g\, therefore 
it cannot be bielliptic. On the other hand the case of C isomorphic to a smooth plane 
sextic is excluded in |KL31 Prop. 3.1]. Therefore we have a contradiction in all cases and 
the theorem is proved. □ 

6. Proof of the main theorem 
We proceed with our main result. 

Proof. Let C be a curve as in the theorem and let g = + 1 > 3 be its genus. 

Under the hypotheses (i) and (ii) the theorem follows immediately from Proposition 12. 4( 

while if hypothesis (v) holds the theorem follows immediately from Corollary 12.131 
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Now suppose we are under hypothesis (iii). By Theorem 14. 81 and |KL2l Prop. 4. 15] we have 
that C is neither trigonal nor isomorphic to a smooth plane quintic, that is Cliff (C) > 2. 
Then the theorem follows by Proposition 12. Ill 

Finally suppose that hypothesis (iv) holds. Since 1? > 12, by |GLM1 Thm.1.4] (or by 
Theorem |J2J) we get that Cliff (C) > 2. If Cliff (C) > 3 then (iv) follows by Proposition 
I2.11( ii). If Cliff (C) = 2 then, as is well-known, C is either tetragonal or isomorphic to a 
smooth plane sextic. But the latter case was excluded in |KL31 Prop.3.1]. Therefore C is 
tetragonal and 4>(L) = 2 by Theorem 14.81 By Theorem 15.11 we have that 62(C) > 1. Since 
h°(2K c — M) = 1 it follows that h°(2K c - M - b 2 A) = for every line bundle A that is 
a g\ on C. Therefore the theorem is a consequence of Proposition 12. 18T i) . □ 
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